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On Finite-Size Scaling in the
Presence of Dangerous Irrelevant Variables
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A scaling hypothesis on finite-size scaling in the presence of a dangerous
irrelevant variable is formulated for systems with long-range interaction and
general geometry L9™% x 0¥, A characteristic length which obeys a universal
finite-size scaling relation is defined. The general conjectures are based on exact
results for the mean spherical model with inverse power law interaction.
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1. INTRODUCTION

According to the finite-size scaling hypothesis due to Fisher,'"? in the
neighborhood of the critical temperature 7= T, of a second-order phase
transition in a system of size L, finite-size effects are controlled by the ratio
L/¢ ., where £ is the bulk correlation length, diverging as |z| = when 1=
(T'—T.)/T.— 0. It has been found, however, that the above hypothesis
fails at space dimensionalities 4 above the upper critical dimensionality
d,.®® Renormalization group analysis reveals that the violation of finite-
size scaling, as well as the breakdown of hyperscaling, is a consequence of
the appearance in the theory of a “dangerous irrelevant variable” at d> d,,.
In the derivation of scaling laws for the thermodynamic functions one
essentially relies upon the assumption of analytical dependence of these
functions on the irrelevant variables, which is not the case at d>d,."® It
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has been suggested that if hyperscaling is not valid, finite-size effects are
controlled by a different ratio, namely L//, where / ‘is the so-called
thermodynamic length.®!® For systems of fully finite block geometry this
length diverges as

L~ 1 =8 (1)

when ¢ — 0. It is evident from (1) that when the hyperscaling relation dv =
2B + v holds, then the thermodynamic length coincides with the correlation
length.

The investigation of finite-size scaling in the mean-field regime is of
special interest for systems with long-range interactions decaying at large
distances r as r~97° with 0 <o <2, since then d,=2¢ may become less
than the physically attainable dimensionalities d=1, 2, 3, provided o is
small enough.

The aim of the present work is the formulation of a general hypothesis
of modified finite-size scaling for systems with long-range interactions of
dimensionalities above the upper critical one. The ideas suggested in ref. 9
for systems with short-range interactions (¢ =2) and fully finite geometry
(d'=0) will be extended to the case of arbitrary ce(0,2) and general
geometry of the form L9~ % x oo?. Periodic boundary conditions will be
assumed in the d— d’ directions along which the system is finite.

From a methodological point of view it is convenient to use the
exactly solvable mean spherical model as a basis for further generalizations.

2. FINITE-SIZE SCALING FOR THE SPHERICAL MODEL WITH
LONG-RANGE INTERACTIONS

A new analytical technique for the evaluation of the free energy
density of the mean spherical model with inverse power law interaction was
suggested in ref. 11. A pair interaction potential J(r), decaying at large
distances r as r~“~7 with ¢ >0 a parameter, has been considered in the
case of a finite lattice 4= ® ¢_, {1,.., L} with periodic boundary condi-
tions. The Fourier transform

Ja)= 3, T, exp(—il-q) (2)
led

of the effective potential J,(I) which takes into account interactions with
repeated images of the system,?

Jh=Y J<L§ (zk—thk)2]1/2>

tez4
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has the long-wavelength asymptotic form (0 <o <2, p,>0)

J@)=JO)1—p,lg). |l -0 (3)

The free energy density f,(¢, &), depending on a magnetic field He R’,
h= H/k,T, has been evaluated in the case of a system of hypercubic shape,
L,=L, k=1,.,d Extending the method suggested in ref. 11 to the case of
an LY~ x o0’ geometry, for the singular part of the free energy density in
the neighborhood of the critical point we obtain, at d> 2o,

(ks T) '[P, h)

1 1
ZEPG(KC_K)J—Z/)(%' ,W;',U(O)|$2
1 I((d+1D)2) o« y-a Ve
“ZPaKa—za qld+ 12 L l(argdf)[l| ud,a(L '1[5 ) (4)

Here K= J(0)/ks T, K, =1, the symbol /(d — d’) means that the summation
is over le Z¢~ % and the primed summation sign that the term with /| =0
is omitted; the function u,,(z) is defined as

uaol2) = [ " dx (14 7) "R E, (= x27) (5)

where
k

E“’ﬁ(Z)':kgo m, oa>0 (6)

is the Mittag-Leffler function (for more details see ref. 11). The parameter
#=¢/p,, and ¢=2s/K—1 is a linear function of the spherical field s and
obeys the mean spherical constraint. When d>20, d’' <o, the mean
spherical constraint in the neighborhood of the critical point takes the
form

(Wi A0)l gL~ — D (L) =N 4 DD (FLo) Ve

+2Y 0 (L) = pot L= 4 p, WL G (7)

This equation is valid for all dimensionalities & such that e/ <d<o(I+1)
with some integer 7=2; W) (0) is the derivative at § =0 of the Watson-
type integral

Waol@)=(2m)

[—r=n

LA G laln) (8)
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Y$). (+) is the spin-wave scaling function introduced at d’=1 by Fisher
and Privman“?; the constant D!/ is given by the explicit expression

sz{ff =2n(—1)’ [(4n)d/z F<g> o sin (d;:jﬁ} -1 o

The study* of the pair spin-spin correlation function G,(R;t, 4) in
a system with geometry LY~ ¢ x co? has shown that its leading asymptotic
form as § — 0 and |R|> 1 is

GL(R;1, h) = D(T) |R| =/ °X(§"R, $'°L) (10)

where ¢ obeys Eq. (7). The above result indicates that at any space dimen-
sionality d the role of an effective correlation length is played by the
quantity

=06, )] (11)

When d>2¢ and L — oo, the solution ¢, of the spherical constraint (7) is
such that ¢, L° —0. Then, by neglecting terms of O(§,L’) in (7) and
taking into account definition (11), we obtain the following equation
for &,:

|Wa O (L/E) L2 =D (L)E,)~ 7+
=p ALY+ p  TPLAT(E L) (12)
where the variable
T=t=2Y),(0)p, L ° (13)

allows for the finite-size shift in the critical temperature.™'> Obviously, the
solution of Eq. (12) may be written in the form

£, = LE(TL'™, hL>™, L*v) (14)
where, at d>d, =20,
yr=1/v=o0, ya=A4/v=7306/2, yv,=20—d (15)
On the other hand, by introducing the new variables
o, Ll a F = FLYTH RN B = [ VHT T (16)
with
qi=—-Q0—d)",  @©=qyr,  G=qyu (17
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we see that the solution of Eq. (12) may be written in the equivalent form
§L2L1+qIYué_(ELyT+42)/u’ hLyH+qzyu) (18)

Note that there ¢, y, >0, in apparent contradiction with the assump-
tion of Binder et al.®’ The explanation of this fact is the following: the
inequality ¢, v, <0 adopted in ref 9 holds only in the case when the effec-
tive correlation length may be defined in terms of the second moment of
the pair correlation function. In the case of long-range interactions
(0< o <2) or near the critical point, the role of an effective correlation
length which scales long distances in the pair correlation function [see
Eq. (10)] is played by the quantity § /2. It is known that at the critical
point the latter quantity increases faster than linearly in L when L — oo if
d>d, 55619

Consider now expression (4) for the singular part of the free energy
density. Since, in view of (18), L}" — 0 when L — oo at fixed 1*, i*, the
sum on the right-hand side of Eq. (4) may be approximated at 0 <d’ <o,
d> 20, as follows:

YW U (L1 V)

Hd—d’)

~ug,(0) Y 1

ld—d")
, e 2n(d—d’)/2 © g
LD e by A )~ (]
B (d+1)/2
= i p©® s T\d'fo
wiol®) X M= g P () (19)

Now, by taking into account Eqs. (14) and (18), we can cast the free
energy density (4) into two equivalent forms:

(kg T) ' fo(t, h) ~ L™4f(FL*", hL*%, L") (20)
and’
(kn T) 'St h) = L4 fALPTH 0 LY+ 9 ) (21)
where the exponent d¥,
d*=d+d'q,y, (22)

is related to Fisher’s anomalous dimension.!”’
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3. THE GENERAL HYPOTHESIS

The exact results obtained in the preceding section for the mean
spherical model admit a simple interpretation in terms of finite-size scaling
functions depending on a dangerous irrelevant variable!'”’  with exponent
y.=d,—d<0atd>d,:

Sfo=L"4f(@L’", hL>", ul”v) Q
3)
§o=LE(tL7, kL™, ul™)

where

flx, y, 2) =27 f(xz?, yz)

: (24
¢(x, y, z) = 29 E(xz?, yz?®) (24)

We may conjecture that the exponents ¢, ¢,, and g5 for O(n) models
at d>d, take the value (17) with y,=1/v=0¢, y,=A4/v=30/2.

First, we should emphasize that the variable u is dangerous for the free
energy density only when d’ > 0. In this case the normalization coefficient
of the free energy density [see Eqs. (21), (22)] has the meaning of a
correlated volume: '

Ld—d'é:zlx'" ~ LAt dare [ d* (25)

In ref. 9 three arguments are given in favor of d*=d All of these
arguments, however, are based on the assumption that the system is fully
finite, ie., that d'=0.

Second, note that, as follows from (23) and (24),

Eo(t, hyu)y= L' E(tLYF, hLF) (26)
where
YF=Yr+ @V,  VE=Yutda:iV. (27)

The existence of the thermodynamic limit ¢, of &, implies that at fixed
t>0 and ht 7

E (L hu)y~t™"X(ht4) (28)
where

A= yE/yT, 1+g,y,=vy} (29)
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and X(-) is a universal function. In view of (29), Eq. (26) may be rewritten
in the form

.= Lg(tL>, hL'H), [, =&V (30)

where a new characteristic length /; of the finite system has been intro-
duced and g(x, y)=[&(x, y)]»F. Next, from the existence of the ther-
modynamic limit [, of /, we obtain

18, hyu)~ 171X (ht =) (31)

By differentiation of the finite-size scaling relationship for the free energy
density with respect to the magnetic field, one may show that®®’

vi=d*/(y+20),  yE=d*(y+B)/(y+2B) (32)

Therefore, the characteristic length /., introduced here [see Eq. (31)] coin-
cides at d'=0, when d* =d, with the thermodynamic length defined by
Binder et al. [see Eq. (1)]. In the case of a general geometry L7~ x o0¢,
by Egs. (17), (27), and (32), the dimensionality 4* may be written as

d*=d—d'(dv—y—=2p)/(d"v—y—2f) (33)

Obviously, d* =d in the case when d’ =0, d being arbitrary, as well as in
the case when d<d,, and the hyperscaling relation dv=y+2f holds,
d'<d,=oc being arbitrary. However, only in the latter case does the
characteristic length /, coincide with the correlation length &, . In any case,
either when d<d, or when d>d,, the length /, obeys the universal finite-
size scaling relation (30)- with exponents y% and y§ given by Eqgs. (32)
and (33).
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